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Abstract 
In this investigation the coupled phase change and heat transfer in a spherical capsule partially filled with sodium 
nitrate is numerically investigated during the solidification process. The finite volume method is used to compute 
energy and linear momentum equations along with the enthalpy-porosity method to track the melting front. The 
volume of fluid model is used to track the transient behavior of the PCM-Air interface. A spherical capsule under the 
gravitational field with inner radius, Ri, is initially filled by a determined volume of solid NaNO3, the remaining 
internal volume is completed with air. For time t>0, a constant temperature boundary condition Tw, which is lower 
than the solidification temperature of the PCM, is imposed at the outer surface of the shell. Transient melt fraction 
and temperature distributions within the spherical capsule are analyzed for different parameters such as Grashof, 
Stefan and Prandtl numbers in order to present an elaborate discussion of the thermal performance of the system. 
The results showed that the total solidification time decreases up to 25% when the temperature difference between 
the PCM melting point and the outer wall changed from 5 to 15Ԩ. 
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Nomenclature 
 
cp     specific heat at constant pressure (J/kg K) Greek Symbols 
Fo    Fourier number (k/ρ cp)(t/Ri2) α        volume fraction  
Gr    Grashof number (gβ(Tw-Tm)Ri3ρ2/μ2) β        thermal expansion coefficient (1/K) 
g      gravity vector (m/s2) μ        dynamic viscosity (kg/m s) 
԰௜     specific enthalpy (J/kg) ρ        density (kg/m3) 
k       thermal conductivity (W/m K) ߬        time step (s) 
L      Latent heat of fusion (J/kg)  
Nu   average Nusselt number (q/4SRik(Tw-Tm)) Subscripts 
P      Pressure (Pa) i        initial 
Pr    Prandtl number of the fluid (μ cp/k) l        liquid 
Ri     inner radius of the capsule (m) m      melting 
Ste   Stefan number (cp(Tw-Tm)/L) o       atmospheric 
t       time (s) s        solid 
Tref   reference temperature (Tw+Tm)/2 pcm   phase change material 
T      temperature (°C) w      wall 
u      velocity vector (m/s)  
1. Introduction 
Better understanding of melting and solidification processes has gained significant importance on 
thermal energy storage (TES) systems for concentrating solar power applications because of the potential 
role that such systems can play by reducing the fluctuation of electricity generation in solar power 
production facilities. Special attention has been directed to the solidification process that occurs where the 
phase change material (PCM) is encapsulated in a closed container. Traditional analytical and numerical 
models for this type of systems commonly presumes that the conduction energy transfer mode within the 
PCM is the only mechanism that carries the heat from the wall to the solid-liquid interface, however the 
presence of temperature variations within the PCM liquid phase, under gravitational environments, will 
activate natural convection heat transfer and therefore the solid-liquid interface position and shape may 
deviate from the predicted by the conduction-based models. Consequently, a comprehensive knowledge of 
the influence of natural convection on the solidification dynamics of encapsulated storage substances, and 
particularly its potential contribution on heat transfer enhancement, is essential to provide a more realistic 
and complete physical consideration of the phase change problem. 
 
The heat transfer effects upon solidification have been extensively studied from the theoretical and 
experimental point of view since the pioneer work of Stefan [1]. Semi-analytical solutions of the 
combined heat transfer and solidification problem within spherical containers has been studied by a 
number of authors [2-10]. The aforementioned studies include closed-form solutions of the pure 
conduction dominated problem based on similarity variable approach, asymptotic theory and parameter-
perturbation methods. Nearly in all of these studies the temperature gradient within the liquid regions has 
been justifiably ignored and therefore the convection heat transfer has been neglected. Another major 
simplification encountered on the aforementioned models is the omission of the thermal resistance of the 
shell wall.    
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Figure 1. Schematic of the physical model 
 
The solidification of n-hexadecane encapsulated in a spherical shell was investigated experimentally 
by Chan and Tan [11]. The experimental setup consists of a cold water tank in which a spherical capsule 
was internally located. The capsule was made of two flanged hemispheres. The evolution of the 
solidification phase via visualization front is presented for different outer surface and initial temperatures. 
Results indicate that the solidification phase front progresses concentrically inwards from the colder outer 
surface of the sphere to the inner hot region. Also it was concluded that, a faster solidification rate was 
achieved when the outer surface temperature decreases. McCue et al. [12] conducted an extensive 
analytical and numerical study of the classical Stefan problem for solidification inside spheres. In the 
considered mathematical model, the temperature at each phase is governed by the linear heat equation. 
The analytical model was based on the matched asymptotic expansions method and for the numerical 
approach the finite difference scheme was used along with the enthalpy-porosity method to track the 
melting front. Even though, a temperature gradient in the liquid phase was considered in the formulation, 
the induced natural convection was neglected. The study concludes that the predicted analytical solution 
for large Stefan numbers is in good agreement with the numerical results. 
 
The influence of the volumetric heat generation rate within a PCM on the solidification and melting 
processes inside a cylindrical capsule has been reported analytically and experimentally by Kalaiselvan 
[13]. A quasi-steady, one-dimensional mathematical model was formulated including the volumetric 
energy generation term in the heat equation. Deviations between the analytical and experimental results 
have been found to be 16.11%. Assis et al. [14] presented a numerical and experimental study on the 
solidification in a spherical capsule. In the study an open spherical capsule under the gravitational field 
with inner radius, Ri, is initially filled by a determined volume of a liquid paraffin wax (98.5% of the shell 
volume), with air in the remaining volume. For time t>0, a constant temperature boundary condition Tw, 
which is lower than the melting temperature of the PCM, is imposed at the outer surface of the shell. The 
finite volume method was used to solve the mathematical model along with the enthalpy-porosity method 
to track the melting front. The volume of fluid model was used to track the motion of the PCM-Air 
interface. Numerical results and experimental observations show that that an upper void space is created 
inside the capsule due to the PCM volume reduction during the phase change process. The study also 
concludes that the natural convection heat transfer in the liquid phase is negligible for Stefan numbers 
below 1. 
The present study numerically investigates the solidification dynamics in a gravity environment of a 
temperature dependent density phase change material encapsulated in a spherical shell with temperature 
gradients within the PCM liquid phase in order to induce the natural convection energy transfer mode. 
Major differences that have been included in the proposed model when compared to previously reported 
analysis are, a more realistic physical representation of the encapsulated system considering a closed 
container and the thermal resistance of the shell wall. 
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2. Theoretical formulation and model description 
The considered system is schematically shown in a cross sectional view in Figure 1. It consists of a 
metallic spherical shell of inner and outer radius Ri and Ro respectively. The space inside the shell is 
partially filled with liquid phase change material while the remaining volume is completed with air. Both 
phases of the PCM can conducts heat and under the prescribed conditions a buoyancy induced flow is 
present in the liquid phase. Initially the PCM is on its liquid state at temperature Ti and at time t>0, the 
outer boundary surface is subjected to a uniform temperature Tw which is lower than the storage material 
melting temperature Tm. The following dimensionless variables have been used to characterize the 
combined heat transfer and phase change problem. 
The following assumptions are considered: (1) both air and liquid/solid NaNO3 are homogeneous and 
isotropic; (2) the liquid phase is a viscous Newtonian fluid; (3) the flow is laminar and has no viscous 
dissipation; (4) the thermo physical properties of the PCM used to estimate the dimensionless numbers 
were calculated based on the reference temperature Tref; (5) the whole system is initially at 311.8 ºC; (6) 
solidification of NaNO3 takes place in the interval between 306.3 and 306.8 ºC where the density in the 
mushy zone varies linearly from 2130 kg/m3 at 306.3 ºC to 1908 kg/m3 at 306.8 ºC; (7) no-effect 
associated with the gas-liquid surface tension is considered and (8) The ideal gas equation of state is used 
to model the air density. The material properties and input parameters are listed in Table 1.  
The conservation equations of mass, linear momentum and energy have been solved by the control 
volume technique, which employs an implicit scheme based on the SIMPLE algorithm [15]. Also in this 
problem, the enthalpy-porosity method [16] has been used to track the motion of the PCM liquid-solid 
interface. The motion of the Air/PCM interface in the multiphase system was tracked by the Volume of 
Fluid (VOF) model. The model defines the volume fraction of the ݅௧௛ fluid (ߙ) which is defined as: 
 
ߙ ൌ ݒ݋݈ݑ݉݁݋݂ݐ݄݁݌݄ܽݏ݁݅݊ܽ݈݈ܿ݁ݒ݋݈ݑ݉݁݋݂ݐ݄݁݈݈ܿ݁ ሾͳሿ 
 
And it takes the following values: 
 
ߙ௜ ൌ Ͳ ݂݅ݐ݄݁݈݈ܿ݁݅ݏ݁݉݌ݐݕ݋݂ݐ݄݁݅௧௛݂݈ݑ݅݀
ߙ௜ ൌ ͳ ݂݅ݐ݄݁݈݈ܿ݁݅ݏ݂ݑ݈݈݋݂ݐ݄݁݅௧௛݂݈ݑ݅݀
Ͳ ൏ ߙ௜ ൏ ͳ ݂݅ݐ݄݁݈݈ܿ݁ܿ݋݊ݐܽ݅݊ݏݐ݄݁݂݈ݑ݅݀݅݊ݐ݁ݎ݂ܽܿ݁
ሾʹሿ 
 
Table 1. Thermo physical properties. 
Properties Sodium Nitrate Nickel Air Refs. 
ܦ݁݊ݏ݅ݐݕሺ݇݃Ȁ݉ଷሻ   Ideal gas  
solid phase ʹͳ͵Ͳ ͺͶͲͲ  ሾͳ͹ሿሾʹͳሿ 
mushy zone ʹͷͻͶͲͷǤͺ െ ͶͶͶܶ    
Liquid phase ߩ ൌ ߩ௟Ȁߚሺܶ െ ௠ܶሻ ൅ ͳ    
ߩ௟ሺ݇݃Ȁ݉ଷሻ ͳͻͲͺ   [17] 
ܦݕ݊ܽ݉݅ܿݒ݅ݏܿ݋ݏ݅ݐݕሺ݇݃Ȁ݉ݏሻ ͲǤͲͳͳͻʹ െ ͳǤͷ͵ݔͳͲିହܶ  ʹǤͻʹݔͳͲି଺ ሾͳͻሿሾʹʹሿ 
ܮܽݐ݁݊ݐ݄݁ܽݐ݋݂݂ݑݏ݅݋݊ሺܬȀ݇݃ሻ ͳ͹ͺͲͲͲ   ሾͳͺሿ 
ܯ݈݁ݐ݅݊݃ݐ݁݉݌݁ݎܽݐݑݎ݁ሺԨሻ ͵Ͳ͸Ǥͺ   ሾͳͺሿ 
ܵ݌݂݁ܿ݅݅ܿ݄݁ܽݐሺܬȀ݇݃ܭሻ ͶͶͶǤͷ͵ ൅ ʹǤͳͺܶ ͷͲ͹Ǥʹʹ ͳͲͶ͹ ሾͳͻሿሾʹͳሿሾʹʹሿ 
݄ܶ݁ݎ݈݉ܽ݁ݔ݌ܽ݊ݏ݅݋݊ܿ݋݂݁Ǥ ሺܭିଵሻ ͸Ǥ͸ݔͳͲିସ   ሾͳͻሿ 
݄ܶ݁ݎ݈݉ܽܿ݋݊݀ݑܿݐ݅ݒ݅ݐݕሺܹȀ݉ܭሻ ͲǤ͵Ͳͷ͹ ൅ ͶǤͶ͹ݔͳͲିସܶ ͳ͸Ǥ͹Ͷ ͲǤͲͶͷͶ ሾʹͲሿሾʹͳሿሾʹʹሿ 
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Figure 2. Effect of the wall temperature on the 
melt fraction. 
 
Figure 3. Effect of the wall temperature on the 
heat transfer rate. 
 
The mass conservation equation is: 
 
߲
߲ݐ ሺߙ௜ߩ௜ሻ ൅ ׏ ή ሺߙ௜ߩ௜࢛࢏ሻ ൌ Ͳሾ͵ሿ 
 
where ࢛࢏ , is the velocity vector of the ݅௧௛  fluid. The linear momentum conservation equation can be 
expressed as: 
߲
߲ݐ ሺߙ௜ߩ௜࢛࢏ሻ ൅ ሺ࢛࢏ ή ׏ሻሺߙ௜ߩ௜࢛࢏ሻ ൌ െߙ௜׏ܲ ൅ ߙ௜ߩ௜ॲ௕ ൅ ߙ௜ߤ׏
ଶ࢛࢏ሾͶሿ 
where ॲ௕ ൌ െࢍ, is the gravitational body force. Finally, the energy conservation equation can be written 
as: 
߲
߲ݐ ሺߙ௜ߩ௜԰࢏ሻ ൅ ׏ ή ሺߙ௜ߩ௜࢛࢏԰࢏ሻ ൌ ߙ௜ ൬
߲ܲ
߲ݐ ൅ ࢛࢏ ή ׏ܲ൰ ൅ ߙ௜׏ ή ሺɈ୧׏ܶሻሾͷሿ 
 
3. Results and discussion 
Three different cases have been analyzed in order to evaluate the influence of the outer surface wall 
temperature on the melt fraction and heat transfer rate at the inner surface of the shell. In all the cases, the 
size of the shell was kept constant while the temperature difference between the PCM melting point and 
the outer wall was changed from ͷݐ݋ͳͷԨ. The numerically predicted liquid mass fraction as a function 
of time is presented in Figure 2. As expected, faster solidification rate is obtained with the increase of the 
temperature difference between the PCM melting point and the outer wall temperature. An increase of the 
driving temperature difference in the system induces higher heat transfer rates within the shell and a faster 
cooling in the PCM, consequently a faster solidification is achieved. The average heat transfer rate at the 
inner surface of the shell is depicted in Figure 3. It can be observed that higher initial values around 100, 
90 and 75W are obtained for the cases where the driving temperature difference is changed from ͳͷ, ͳͲ 
and ͷԨ respectively.   
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a) Fo=0.046 
 
b) Fo=0.185 
 
c) Fo=0.278 
 
d) Fo=0.370 
 
e) Fo=0.463 
 
f) Fo=0.555 
 
g) Fo=0.648 
 
h) Fo=0.740 
 
i) Fo=0.833 
 
Figure 4. Predicted evolution of the solidification process for a 0.015m inner radii shell. For each 
subfigure, (left) PCM solid fraction in black, PCM liquid streamline contours and air fraction in 
gray, (right) temperature contours. 
 
A monotonic exponential decay trend, mainly encountered in conduction dominated phase change 
problems, is observed in all the curves, with slight differences between 0.5 to 3 minutes. These 
differences are related with the variations in outer wall temperature. Natural convection contributes to the 
total energy transfer process only during early times and conduction is the dominant transport mode in 
later times. 
 
The evolution of the predicted isotherms, stream lines contours and PCM solid distribution during the 
solidification of the study case with ୫ െ ୵ ൌ ͳͲԨ , are presented in composite diagrams in Figure 4. 
The history of the process is depicted as a function of dimensionless time defined by Fourier number 
(Fo). The temperature distribution of the system is presented in the right hand side of each circle while the 
left hand side contains the molten PCM stream line contours and PCM solid phase distribution.  
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During the early stages of the process and because of the initial PCM molten state, the thermal energy 
is transferred by conduction and natural convection within the PCM from the hot liquid phase to the cold 
outer surface of the shell due to the temperature difference between the initial condition of the system and 
the outer wall temperature. Thermal energy travels within the shell wall by conduction and as a result of 
the energy exchange process, the temperature in the locations near the inner surface of the shell decreases 
below the melting temperature and the inward solidification process starts.  
 
As the process proceeds, the solid layer gets larger because of the temperature drop and the natural 
convection cells decreases in intensity and size. Another important observation from Figure 4 is the shape 
that the solid PCM adopts during the process as a result of the density difference between the PCM 
phases and the upper air space inside the shell that slows down the energy transfer process in this area. 
Consequently, although the energy exchange process during the phase change process was found to be 
dominated by conduction, the shape and location of the solid-liquid interface found in this study are 
drastically different from the one obtained in the diffusion dominated solidification process that occurs in 
a spherical shell where the internal volume is entirely occupied by the PCM. 
4. Conclusions 
In the present analysis the natural convection induced by the temperature differences in the liquid PCM 
and the density differences between the PCM solid and liquid phases have been taken into account in 
order to study the combined heat transfer and phase change process of sodium nitrate within a closed 
spherical shell. It is concluded that, under the analyzed conditions the contribution of the natural 
convection in the overall energy transfer process during the solidification process of ܱܰܽܰଷ is smaller 
when compared to conduction. 
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